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OPTIMAL CHOICE

Reducing the Pareto Set Based on SetPoint Information
V. D. Noghin
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Abstract—An axiomatic approach to reducing the Pareto set in the problem of multicriteria choice based on
an information set obtained from the decision maker is considered. The information reflects the degree up to
which the decision maker is ready to lose values of one group of criteria to improve values of several other
groups of criteria. It is proved that using this information one can eliminate a whole number of elements from
the initial Pareto set, simplifying the subsequent choice.
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INTRODUCTION
1
Multicriteria problems are common in many tech
nological and economic fields. They form a vast class
that is also interesting in terms of theory. In [3], we
classified various methods for solving the problems
2 mentioned. The main challenge here is both to axiom
atize the very concept of the “best” decision and rea
sonably use information available in the problem when
searching for the “best” decision.
We started developing the socalled axiomatic
approach designed to solve problems with numerical
criteria as early as the beginning of the 1980s. The
approach implies abandoning the formal definition of
the concept of the “best” decision and postulating cer
tain axioms of “smart” behavior of the decision maker
that help him to use incomplete fragmented informa
tion on his preferences to construct upper bounds for
the unknown set of chosen decisions [1, 2].
A pair of criteria and two numbers specified by the
decision maker is the simplest information on his pref
erences, with the first number showing the tradeoff
for one criterion the decision maker can accept to win
in terms of another criterion by the value equivalent to
the second number. This information is generally easy
to elicit and when taken into account based on special
rules it helps to reduce the number of feasible alterna
tives for the “best” decision, which simplifies the final
choice.
A more general situation occurs when two groups
of criteria and two sets of numbers rather than two cri
teria and two numbers are considered. In this case, the
information obtained from the decision maker char
acterizes the degree up to which the decision maker is
ready to be flexible (to tradeoff) when comparing two
groups of criteria rather than just two criteria. Here, we
also developed the rules [2] for this information to be
taken into account.
Finally, in the most general case, there can be sev
eral pairs of groups of criteria of a similar type. This

means the set of such information on the decision
maker’s preferences needs to be taken into account.
Unfortunately, no rules have been proposed so far for
an arbitrary finite set of the stated information to be
taken into account (unless the set of initial alternatives
3
is supposed to be finite a priori).
In this work, we assume the finite set of information
on preferences showing whether the decision maker is
ready to trade off when he compares alternatives so
that to lose in terms of one group of criteria and to win
in terms of some other fixed groups of criteria to be
given. This is somewhat symmetric to what we consid
ered in [4] dealing with pointset information.
Being a further move in developing the axiomatic
approach, the results we obtain here are the rules for
the given set of information to be taken into account.
To apply these rules, one needs to form a new vector
criterion by certain formulas and then remove the ini
tial alternatives that are out of the Pareto set in terms
of the new vector criterion.
1. STATEMENT OF THE PROBLEM.
SMART CHOICE AXIOMS
We consider the multicriteria choice problem 1
(model) 〈X, f, X〉 stated as follows. Given are
X, viz., the set of feasible alternatives (decisions) to
be chosen from; this is a nonempty set of arbitrary
nature,f = (f1, …,fm) m ≥ 2, viz., the vector criterion
given on the set X and taking numerical values in the
arithmetic vector space Rm,
X, viz., the asymmetric binary relationship of
strict preference of the decision maker given on the set
X. Writing x1 X x2 for x1, x2 ∈X, we mean that the
alternative x1 is preferable to the alternative x2 for the
decision maker; in other words, choosing from these
two alternatives, the decision maker chooses the first
one rather than the second one.
1

2

NOGHIN

The subset of the set of feasible alternatives X called
the set of chosen alternatives and denoted by C(X) is the
1 solution to the multicriteria choice problem. In the
particular case, this set can consist of one element.
In what follows, we also use the set of feasible vec
tors (outcoms) Y = f(X) ⊂ Rm and the set of chosen
vectors C(Y) = f(C(X)). We assume the strict prefer
ence relationship Y (which is generally unknown in
practice) to be given on the set of feasible vectors Y; it
is matched to the relationship X as follows
x1  Xx2 ⇔ f(x1) Y f(x2)

(i.e., transitive) way. The indicated extension can turn
out to be nonunique; by axiom 2, it does not matter
what extension to choose.
Axiom 3 (matching axiom). Each criterion f1, f2, …,
fm is matched with the preference relationship .
We remember that the criterion fi is called matched
with the preference relationship  if y', y''∈ Yˆ holds
for any two vectors y', y'' ∈ Yˆ such that

for all x1 ∈ x̃ 1 , x2 ∈ x̃ 1 ; x̃ 1, x̃ 2 ∈ X˜ ,

y'' = ( y '1, …, y 'i – 1, y ''1 , y 'i + 1, …y 'm ), y 'i > y ''i ,

where X˜ is the family of equivalence classes generated
by the equivalence relationship x1 ~ x2 ⇔ f(x1) = f(x2)
on the set X.
1
In terms of outcomes, the multicriteria choice
model 〈Y, Y〉 includes the set of feasible vectors Y and
the strict preference relationship Y given on the set Y,
with the set of chosen vectors C(Y) being the solution
1 to the multicriteria choice problem. The choice prob
lems in terms of alternatives and in terms of outcomes
are obviously connected, which makes it feasible to
restate every statement made in one set of terms in
other terms.
We define the set of Pareto optimal vectors
Pf(X) = {x* ∈ Y)|there is no x ∈ Y such that y ≥ y*}

In other words, the decision maker is interested in
increasing the value of the criterion if this criterion is
matched with the preference relationship.
Edgeworth–Pareto principle [1, 2]. Let axioms 1–3
hold. Then, the inclusion C(Y) ⊂ P(Y) holds for any set
of chosen vectors C(Y).
This fundamental principle assumes that the deci
sion maker relying on axioms 1–3 should search for
the “best” alternatives only within the Pareto set. In
other words, the Pareto set is an upper bound for the
unknown set of chosen vectors. This bound is proved
to be accurate and if we abandon at least one of the
above given axioms the chosen (“best”) vector may be
out of the Pareto set. It is worth adding that the Pareto
principle holds for nontransitive relations as well
when only the exclusion axiom and Pareto axiom are
assumed to hold.
Applied problems frequently involve the set of
information of the following type: the vectors ui, νi ∈
Rm are given (these are generally found directly from
the decision maker when he is asked about his prefer
ences) and not compared by the relationship ≥ yet sat
isfy the conditions u'  νi, i = 1, …, k. Such informa
tion evokes two questions, viz., whether it is consistent
and if it is, how one can use it to reduce the Pareto set.
As for consistency, this issue was resolved com
pletely in [2], where the strict definition for a consis
tent set was given and consistency criteria were
obtained that can be used to solve particular problems.
The second question is still waiting for its final answer.
In the general case, only certain sets of vectors are
determined such that the respective upper bounds are
found for the unknown set C as a Pareto set with the
new vector criterion [2].
Below, we state propositions that are further steps
in this direction. For the Pareto set to be more or less
significantly reduced, taking into account the rela
tionships u'  νi, we add another axiom to the ones
stated above.
Axiom 4 (invariance axiom). The preference rela
tionship  is invariant with respect to a linear positive
transformation that is:
homogeneous, i.e., if u'  νi is met, λu'  λνi is
always met for any positive λ,

and the set of Pareto optimal alternatives
Pf(X) = {x* ∈ Y)|there is no x ∈ X such that f(x) ≥ f(y*)}
Here, y' ≥ y'' means that each component of the
first vector is greater than or equivalent to the respec
tive component of the second vector, with y'  y'', i.e.,
at least one component of the first vector is strictly
greater than the respective component of the second
vector.
We recall “smart” requirements on the preference
relations and the set of chosen vectors stated previ
ously [2].
Axiom 1 (axiom on exclusion of dominated vec
tors). For any pair of vectors y', y'' ∈ Y that satisfy the
relationship y' Y y'', y'' ∉ C(Y) holds.
Axiom 1 means that any vector that is not chosen in
the pair should not be chosen from the entire set of
vectors either.
Axiom 2 (axiom on existence of transitive exten
sion). For the relationship Y, there exists the irreflex
ive and transitive extension on the Cartesian product
m
Yˆ = f 1 ( X ) × … × f m ( X ) ⊂ R denoted by  in what
follows.
By axiom 2, the relationship Y is a restriction of
the relationship  to the set Y and is irreflexive and
transitive (and, hence, asymmetric). This axiom
means that the decision maker can compare any (not
only feasible) vector bounds, behaving in a “smart”

y' = ( y '1, …, y 'i – 1, y '1, y 'i + 1, …, y 'm ),
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additive, i.e., if u'  νi is met, (ui + c)  (νi + c) is
always met for any vector c ∈ Rm.
Note that the relationship u'  νi in the hypotheses
of axiom 4 is equipotent to u'–νi  0, where 0m stands
for the zero vector (0, 0, …, 0). Then, the vector νi in
the relationship u'  νi can be also considered to be
zero, which is assumed below. However, it would be
fair to say that it is sometimes more convenient to
assume that the vector νi consists of unities only when
performing comparisons. Such an assumption can be
also always considered true if needed due to invari
ance. One can make similar remarks regarding the
vector ui.
Since the vectors ui and 0m are not compatible with
respect to the relationship ≥, there will always be at
least one strictly positive and at least one strictly nega
tive component in the vector ui. The vector ui can also
have zero components. Thus, if the relationship ui 
0m holds, the vector ui is “better” (i.e., greater) than the
zero vector 0m with respect to some components while
it will be necessarily “worse” (i.e., less) than the zero
vector with respect to other components. The rela
tionship ui met can be interpreted as the decision
maker being able to trade off, i.e., to sacrifice with
respect to some criteria in order to get more with
respect to other criteria (with values for the rest of cri
teria preserved).
2. TAKING SETPOINT INFORMATION
INTO ACCOUNT
First, we consider the case when, according to the
available information on preferences, the decision
maker is ready to sacrifice the values in the third group
C to increase the values of criteria in the two groups A
and B. According to the following theorem, such
information is always consistent; and to take it into
account, one needs to form a vector criterion by
replacing all components from the group C in the
“old” vector criterion by “new” components calcu
lated by certain formulas. This can only increase the
total number of components in the newly formed vec
tor criterion as compared to the dimension of the
“old” vector criterion. Then, one needs to construct
the Pareto set for the formed vector criterion. This set
yields the sought upper bound for the unknown set of
chosen vectors, i.e., all vectors outside it should not be
chosen since it is not consistent with the information
available on the decision maker’s preferences.
Theorem 1. Suppose axioms 1–4 hold, three pair
wise nonoverlapping subsets of numbers of criteria A,
B, V ⊂ 1are given and information is available that y' 
0m and y', where the vectors y'' and y'' have the follow
ing components
y 'i = w 'i for all i ∈ A; y 'k = – w 'k for all k ∈ C
y 's = 0 for all s ∈ I\(A ∪ C);

3

y ''j = w ''j for all j ∈ B; y ''k = – w ''k for all k ∈ C
y ''s = 0 for all s ∈ I\(B ∪ C)
and all w i', w k' , w j'', w k'' are fixed positive values.
Then, the given information is consistent, and for
any set of chosen vectors C(Y), the inclusions hold
ˆ ( Y ) ⊂ P ( Y ),
(1)
C(Y) ⊂ P
ˆ ( Y ) = f(P (X)) is the subset of feasible vectors
where P
g
that correspond to the set of Pareto optimal alterna
tives in the multicriteria problem with the set of feasi 1
ble alternatives X and new (m –|C| + |A| ⋅ |B| ⋅ |C|)
dimensional vector criterion g with the components
g ijk = w 'j w ''j f k + w ''j w 'k f i + w 'i w ''k f j
for all i ∈ A, j ∈ B, k ∈ C;
g s = f s for all s ∈ I\C.

(2)

By theorem 1, to take into account the set of infor
mation on the decision maker’s preferences obtained
as two relationships y'  0m and y''  0m and reduce the
Pareto set, one needs to form the new vector criterion
g by formulas given in the theorem hypotheses and
then construct the Pareto set Pg(X) for the formed cri
terion. The set of vectors corresponding to the new
ˆ ( Y ) = f ( P ( X ) ), will be the sought
Pareto set, i.e., P
g
upper bound for the set of chosen vectors. Note that
theorem 1 is universal, holding for any criteria f and
arbitrary sets of feasible decisions X without any
restrictions since no requirements are imposed on the
objects given in its statement.
Following the scheme of proof of theorem 1, we
can use a similar line of reasoning to prove a more gen
eral proposition, when, for the sake of increasing the
values with respect to criteria of the group A, the deci
sion maker can afford to decrease the criteria of the
entire set of groups B, rather than the criteria of three
groups. The following result holds.
Theorem 2. Suppose axioms 1–4 hold and the finite
set of k + 1 pairwise nonoverlapping subsets of num
bers of criteria A1, A2, …, Ak, B ⊂ I is given and infor
mation is available that ys  0m, s = 1, …, k where the
vectors ys (for s = 1, … , k) have the components
s

s

s

s

y i = w i for all i ∈ A s ;
y j = w j for all i ∈ B;
s

y i = 0 for all t ∈ I\ ( A 1 ∪ … ∪ A s ∪ B ),
s

s

and all w i and w j are fixed positive values.
Then, the given setpoint information is consis
tent, and inclusions (1) hold for any set of chosen vec
tors C(Y), where P(Y) = f(Pg(X)) is the subset of feasi
ble vectors corresponding to the set of Pareto optimal
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alternatives in the multicriteria problem with the set of
feasible alternatives X and the new (m – |B| + |B| ⋅

i
λ i e + λ m + 1 w 'i = 0 for all i ∈ A,
i

λ j e + λ m + 2 w j'' = 0 for all i ∈ B,

k

∏A

s

dimensional vector criterion g with the com

s=1

ponents

i

λ k e – λ m + 1 w 'k – λ m + 2 w ''k = 0 for all k ∈ C,
l

λ l e = 0 for all l ∈ I\ ( A ∪ B ∪ C ).

s

s

s

s

s

s

g ji1 …ik = w i1 ⋅ … ⋅ w is f j + w j ⋅ w i2 ⋅ … ⋅ w ik f i1
+…+

s
w i1

⋅…⋅

s
w ik – 1

⋅

s
w j f ik

for all i s ∈ A s , j ∈ B,

s = 1, …, k, g s = f s for all s ∈ I\B.
In the particular case, |As| = |B| = 1, s = 1, 2; k = 2,
theorem 2 becomes theorem 4.4 from [3].
CONCLUSIONS
In this work, we develop the axiomatic approach to
solving the problem of reducing the Pareto set based
on the set of information on the preference relation
ship of the decision maker; we have been developing
this approach for the last 30 years [3]. What makes this
approach stand out is that it adopts four “smart” axi
oms that regulate the behavior of the decision maker
when he makes his choice and allow using the well
elaborated apparatus of convex analysis. No restric
tions are imposed on the set of feasible alternatives on
which the choice is made and on the vector criterion.
Theorem 1 and its more general version, theorem 2,
is the principal result of this work, showing how we
should “reconstruct” the initial vector criterion so that
the Pareto set for the new criterion served as the upper
bound for any unknown set of chosen bounds after the
decision maker provides the information on his set
point preferences. This new Pareto set is a part of the
“old” one; the difference is formed by those Pareto
optimal bounds we manage to eliminate from consid
eration based on the indicated information.
APPENDIX
The proof of theorem 1 consists of four stages.
(1) First, we prove that the available information is
consistent. By theorem 4.7 [2], this information is
consistent if and only if the system of linear algebraic
equations
m

∑λ e + λ
i

i

m + 1 y'

+ λ m + 2 y'' = 0 m

(7)

i=1

with respect to λ1, …, λm + 2 does not have any non
zero nonnegative solutions. Here, ei stands for an
mdimensional vector, with its ith component being
unity and all others being zero. In the unfolded form,
system (7) is

Since λi, λj, λm + 1, λm + 2 are nonnegative, the
equations written in the first and second rows lead to
the equalities λi = λm + 1 = λm + 2 = 0 for all i ∈ A. In this
case, the rest of the equations yield the equalities λj =
0 for all other numbers j ∈ I\ (A ∪ B). Hence, the only
nonnegative solution of system (7) is zero. This
proves that information y'  0m, y''  0m is consistent.
(2) We use K to denote the sharp convex cone
(without zero) of the cone relationship . The fact
that K is sharp and convex follows from axioms 2–4
and corollary 2.1 [2].
We use M to denote the sharp convex cone (without
zero) generated by the vectors e1, …, em, y'y'', and y.
The cone M is sharp by theorem 4.6 [2] and the above
proved consistency of the given information.
There can be four cases: |A| > 1 and |B| > 1; |A| = 1
and |B| > 1; |A| > 1and |B| = 1; and |A| = |B| = 1. In the
first case, all vectors e1, e2, …, em, y', y'' are generators
of the cone M, since each of them cannot be repre
sented as a linear nonnegative combination of the rest
of the vectors of this set (since the cone M they gener
ate is sharp). In the second case (i.e., when A = {i}),
obviously the vector ei can be represented as a linear
positive combination of the vector y' and all vectors es
for s ∈ B. Hence, the vectors e1, e2, …, em, y', and y''
without the vector ei are the cone generators in the sec
ond case. Similarly, the vectors e1, e2, …, em, y', and y''
without the vector ej are generators of the cone M in
the third case, whereas we should eliminate the vectors
ei and ej from the generators simultaneously in the
fourth case.
We start from the first case. We introduce a cone
(without zero) dual to the polyhedral cone M
C = {y ∈ Rm|〈u, y〉  0 for all u ∈ M}\{0m}.
By the duality theory of convex analysis ([5], p.
175), internal normals to (m – 1)dimensional faces of
the cone M serve as generators of the polyhedral cone
C. Vice versa, internal normals to (m – 1)dimensional
faces of the cone C serve as generators of the cone M.
Since the vectors e1, e2, …, em, y', and y'' are gener
ators of the cone M, the set of nonzero solutions of the
system of linear inequalities
〈ei, y〉  0 for all i ∈ I 〈y', y〉  0, 〈y'', y〉  0 (8)
coincides with the dual cone C.
(3) We find the fundamental totality of solutions of
system of linear inequalities (8). This should be a min
imal (with respect to the number) system of vectors,
such that the set of its linear nonnegative combina
tions coincides exactly with the set of solutions of sys

SCIENTIFIC AND TECHNICAL INFORMATION PROCESSING

Vol. 38

No. 5

2011

REDUCING THE PARETO SET BASED ON SETPOINT INFORMATION

5

tem (8). No vector of the fundamental totality can be
represented as a linear nonnegative combination of
other vectors of this totality.

When both of the last equations are left in the
“reduced” subsystem, we arrive at all possible solu
tions of the form eijk for all i ∈ A, j ∈ B, k ∈ C.

We give a set of solutions of system of linear inequal
ities (8). One can easily verify that the vectors eijk =
i
i
k
w ''j w 'k e + w 'i w ''k e + w ''j w 'i e for all i ∈ A, j ∈ B, k ∈ C
satisfy system (8), with inequalities from the second
and third rows for these vectors met as equalities.

Since we have considered all possible variants of
removing triples of equations from system of linear
equations (9), there are no other (up to the accuracy of
the positive factor) solutions of subsystems consisting
of m – 2 equations of system (9) that satisfy system of
linear inequalities (8). There are no other onedimen
sional solutions of system (9) that satisfy system of ine
qualities (8). This means that the system of vectors (*)
forms the fundamental totality of solutions of system
of linear inequalities (8). Hence, any solution of sys
tem of inequalities (8) can be represented as a non
negative linear combination of this totality of vectors.
In what follows, for the sake of convenience, we
denote this totality as a1, a2, …, ap.

Thus, the set consisting of vectors es for all s ∈ I\C,
vectors eijk for all i ∈ A, j ∈ B, k ∈ C (we denote this set
by (*)) belongs to the dual cone C. One can easily see
that no vector of this totality can be represented as a
linear nonnegative combination of other vectors. The
total number p of all vectors of the set is p = m – |C| +
|A| ⋅ |B| ⋅ |C|.
To verify that this set of vectors forms a fundamen
tal totality of solutions of system (8), we still need to
prove that the system of linear inequalities (8) has no
other (up to a positive factor) solutions but all possible
linear nonnegative combinations of vectors of the set
(*) given above. To do this, along with system (8), we
consider its respective system of m + 2 linear equations
〈ei, y〉 = 0 for all i ∈ I

〈y', y〉 = 0,

〈y'', y〉 = 0 (9)

We can calculate the ranks of the respective matri
ces to verify that any subsystem of m – 1 vectors of the
system e1, e2, …, em, y', y'' is linearly independent.
Hence, the sought fundamental totality of solutions of
system of linear inequalities (8) is among (onedimen
sional) nonzero solutions of subsystems of m – 1
equations of system of linear equations (9).
We eliminate three equations from system (9) at a
time and write the solutions of the resulting sub
systems that also satisfy system of inequalities (8). Vec
tors found in such a way form the fundamental totality
of solutions of system of inequalities (8).
When we remove the last two equations of system
(9), the unit basis vectors e1, e2, …, em serve as nonzero
solutions of the resulting subsystems (up to the accu
racy of positive factor). However, one can easily see
that only the vectors es from this set, such that s ∈I\C,
satisfy the system of inequalities (8).
If the last equation of the system of linear equations
(9) is not removed, whereas the last but one is, the vec
tors that do not satisfy system of inequalities (8) serve
as nonzero solutions of the resulting (“reduced”)
subsystems (up to the accuracy of a positive factor).
Similarly, if the last but one equation from (9) is left
and the last one is removed, there will be no vectors
that satisfy system of inequalities (8) among the solu
tions of the “reduced” subsystems either.

If |A| = 1 (i.e., A = {i}), the line of reasoning is sim
ilar yet slightly simpler than those given above. In this
case, we should consider the system of m + 1 equations
that differs from (9) by the fact it has no equation 〈ei,
y〉 = 0. Here, we should remove only two equations at
a time from the system to obtain the same fundamen
tal totality of solutions of system of linear inequalities
(8). Similar reasoning is applicable to all other cases.
We will not discuss them.
(4) The final stage of the proof is similar to [4], tak
ing into account the end of the proof of theorem 3.5 [2].
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